This paper investigates behaviors of flows driven by tangential velocity and shear stress on their boundaries such as solid walls and water surfaces. In a steady flow between two parallel plates with one of them in motion, analytic solutions are the same when a velocity and a shear stress boundary condition are applied on the moving plate. For an unsteady, impulsively started flow, however, analysis shows that solutions for velocity profiles as well as energy transferring and dissipation are different under the two boundary conditions. In an air-water flow, if either a velocity or a stress condition is imposed at the air-water interface, the problem becomes ill-posed because it has multiple solutions. Only when both of the conditions are specified, it will have a unique solution. Numerical simulations for cavity flows are made to confirm the theoretical results; a tangential velocity and a shear stress boundary condition introduce distinct flows if one considers an unsteady flow, whereas the two conditions lead to a same solution if one simulates a steady flow. The results in this paper imply that discretion is needed on selection of boundary conditions to approximate forcing on fluid boundaries such as wind effects on surfaces of coastal ocean waters.
Introduction
Flows driven by forcings at fluid boundaries are widely encountered, and they play important roles in various problems in nature and engineering applications. The boundaries can be air-water interfaces or solid walls, and examples of such flows include water currents in rivers, lakes, and oceans [1] , water flows in settling tanks of wastewater treatment plants [2] , and liquid flows in microelectronic devices [3] . Various types of forcings occur on fluid boundaries, and they directly affect the motion of the fluids. For instance, water receives wind stress and reacts to the atmosphere at ocean surfaces, or, air-water interfaces, on which a number of chemical and biological processes happen, and the resulting surface flows play a significant role in motion as well as quality of the whole water bodies in the oceans [4] . Therefore, it is crucially important to investigate fluid flows under different driving forces on fluid boundaries.
The physical forcings that a fluid experiences at its boundaries come from either another fluid or a solid wall, and they frequently appear as two types of boundary conditions: a tangential velocity and a shear stress condition [5, 6] . For example, the moving lid of a cavity flow is a tangential velocity condition, and a wind blowing on surfaces of ocean currents can be a shear stress condition [5, 7] . Essentially, a velocity condition is a Dirichlet condition, and a shear stress condition is a Neumann condition.
Flows driven by both tangential velocity and shear stress have been previously analyzed. Analytical solutions for steady flows between two parallel plates such as the Couette flow can be found in literature [8] . Unsteady flows caused by a sudden movement of a plate at a constant or a time-dependent speed, namely, the Stokes' first and second problems, can be analytically solved [9] [10] [11] [12] . Discussions on flows introduced by velocity boundary conditions have been extended to non-Newtonian fluids [13] . Flows under a shear stress condition have also been examined, and the existing work with this regard mainly focuses on practical problems with complicated geometries and numerical simulations [3, 14, 15] . However, literature on fundamental phenomena in flows driven by shear stress conditions is relatively sparse, and interestingly, to the best knowledge of the authors, no exact solutions have been reported for an impulsively started flow due to a shearing, although that for the flow under a tangential velocity condition, namely, the Stokes' first problem, has been available since a long time ago [9, 10] .
Flows under action of velocity and shear conditions at their boundaries involve basic behaviours of fluids, such as mixing, diffusion, and energy transferring from the boundaries into their interiors, and a clear understanding of them will shed light on mechanism of more complicated flows. Although there have been a number of investigations on such flows, some issues related to their fundamental aspects are still unclear, such as the difference and similarity of the flows under these two conditions. As an example, in coastal ocean flow modelling, shear stress is commonly used at a boundary condition at water surfaces to reflect wind effects [7] . But, is it appropriate to impose a shear condition on the surfaces, or, can we specify a velocity condition instead? It is necessary to get answers for such questions since this will enable us to correctly study and understand many problems. The objective of this study is to clarify the difference and similarity in flow behaviors under a prescribed tangential velocity and a shear stress condition at fluid boundaries. We will study a few typical flows both analytically and numerically and examine their behaviours with respect to distributions and evolutions of velocity, stress, and energy.
The rest of this paper is organized as follows. Section 2 studies steady flows between two parallel plates with velocity and shear stress being imposed on one of them. In Section 3, an impulsively started flow under a shear condition is analytically solved and compared with the solution of its counterpart, the classic Stokes' first problem in which a velocity condition is imposed. An exact solution of an air-water transient flow is presented, and its uniqueness is discussed in Section 4. In order to illustrate the analyses presented in the previous sections for more complicated problems, numerical solutions are made for cavity flows in Section 5. Section 6 concludes this study with remarks on difference and similarity of flows under velocity and shear conditions and their implification to modelling of actual flows.
Steady Flow Driven by Velocity and Stress Condition
Consider an incompressible, fully developed, steady flow between two horizontal, parallel plates with gap ℎ. The flow is driven by either a velocity or a shear stress at the top plate, and it has an upper layer moving to the right and a lower layer to the left, with zero net cross section flow rate. The momentum equation of the flow in the horizontal direction can be simplified as [8]
here and are respectively the coordinates in the horizontal and the vertical direction, is the velocity in direction, is the pressure, is the density, and is the kinematic viscosity. When the pressure gradient is a constant, the solution of the horizontal velocity reads as
where = , being the dynamic viscosity, and , = const. Imposing a velocity condition at the top plate, or = 0 at = ℎ, and the zero flow rate condition at the cross section, (2) can be solved as [8] 
Instead of the velocity condition at the top boundary, if we specify a shear stress at the top wall, or = 0 at = ℎ, the velocity is derived from (2) as
which leads to the following value of the velocity at the top boundary:
If we eliminate 0 in (4a) with the aid of (4b) and let | =0 = 0 , it will be seen that the solution (4a) is actually same to solution (3) . This indicates that, in case of a steady system, the solution of the flow driven by a velocity condition at the top plate is actually same to that forced by a shear stress condition ( Figure 1 ).
The power input from the top wall to the fluid is derived as
and it is proportional to 2 0 and inversely proportional to ℎ. The viscous dissipation within the fluid is derived from solution (3) as [8] 
which shows that it has a maximum at the top, gradually decreases to zero at = ℎ/3, and then increases to another maximum at the bottom. 
Impulsively Started Flow under Velocity and Stress Condition
Consider a fluid ( > 0) over an infinite, horizontal, and flat plate ( = 0). Initially the fluid is static, and then it flows suddenly because of application of a tangential velocity or a shear stress on surface of the plate. The governing equation for the flow is [8]
and the associated initial and boundary conditions are
This is the classic Stokes' first problem, and its solution (see Figure 2 (a)) is first given by Stokes and obtained again by Raylegh [9] , which reads as [8] ( ,
where erf(⋅) is the error function.
Remark 1.
Solution (9) is restricted with infinite depth of the fluid. A solution for a finite depth is given in [12] .
If we specify a constant stress condition on the plate surface, governing equation (7), initial condition (8a), and boundary condition (8c) remain the same, but (8b) will be replaced by the shear stress boundary condition as follows:
Taking Laplace transform of (7) over , one has
where is a real number and ( , ) is the Laplace transform of ( , ). Equation (11) is solved as
The boundary conditions (8c) and (10) can be transformed as
by which the constants in (12) are determined as
Plugging (14) into (12) and taking inverse Laplace transform, one obtains the solution (see Figure 2 (b)) for the flow with a stress boundary condition as follows:
Using the velocity given in (9) to estimate the shear stress at the bottom wall, that is, = / at = 0, the result is
In addition, the shear stress at the bottom wall is obtained from (15) as
Equations (16) and (17) clearly indicate that solution (9) and (15) are different in physics; in the former, the shear stress at the wall will decrease with time and become zero as time approaches infinity, while the velocity at the bottom wall remains constant. Whereas, in the latter, the shear stress is a constant as the velocity keeps increasing with time. The power to maintain the former flow is
and that for the latter is
Therefore, the input power in the former decreases with time, while that in the latter it increases with time. When a velocity condition is applied, the viscous dissipation within the fluid is derived as
and as a stress condition is specified, it becomes
With time, at any given , viscous dissipation approaches zero in the former situation, while it approaches a constant in the latter case.
Remark 2.
Equations (16)- (21) show clearly that an unsteady flow driven by a tangential velocity is distinct from that caused by a shear stress with regard to velocity profile, power, and viscous dissipation. Equation (17) shows the flow velocity at the surface will keep increasing with time, and this implies that a flow under a shear stress, such as a current in an open sea under action of a constant wind shear stress, will move faster and faster and cannot reach a steady state. Equation (19) tells that this flow is difficult to maintain since it requires that the amount of power input increases with time.
Remark 3. In the steady flow in Section 2, as indicated by (4b), (5), and (6), both power transferring and viscous dissipation are proportional to (18)- (21) that this is also true in the impulsively started flows. In this sense, the impulsively started flows are consistent with the steady flow.
Impulsively Started Air-Water Flow
Consider a two-layer, air-water flow in the horizontal direction. Initially the air moves at a uniform velocity 0 , while the water is stationary. Both the air and the water have an infinite depth in the direction. The flow problem is formulated as follows:
( , )
where and are the kinematic viscosity of air and water, respectively, and and are the dynamic viscosity of air and water, respectively. In this case, match conditions (22e) and (22f) for both velocity and stress are applied at the airwater interface, that is, at = 0. In other words, velocity and shear stress are continuous at the interface.
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Using Laplace transform for the partial differential equation (22a), the resulting equation can be solved as
According to boundary condition (22d), we have
which implies that + ( ) must be zero. Similarly, the solution for the water flow in the transformed space is derived from (22b) as
From boundary condition (22d), it is derived that
which requires that − ( ) be zero. Using Laplace transform, the match conditions (22e) and (22f) can be converted into
combining solutions (23) and (25) with the above equations, one has
Plugging (28) into (23) and (25) and then taking inverse Laplace transform, the solution of problem (22a)-(22f) is derived as
which is plotted in Figure 3 . It can be proven that (29) is a unique solution for problem (22a)-(22f) (see the Appendix). (29) is not restricted for air-water flow, and it can be used for any other two fluids. It is applicable if the thickness of lower and upper layers is large, and the flow is free from the effect of walls. Analytical solutions considering finite depth of air and water have been presented in [12] .
Remark 4. Equation
Velocity presented by solution (29) is discontinuous in both and when = 0. When > 0, the velocity is continuous, and, interestingly, it is a constant at the air-water interface:
For the flow in Figure 3 , the velocity at the interface, (0, ), or the maximum of velocity in the water layer, is about 0 /227. The power transferred from the air to the water is
The viscous dissipation is derived as
Remark 5. In coastal ocean flow modelling, it is common to include wind effects at air-water surfaces, or water surfaces, as a condition for water velocity as follows:
and the air-water interface stress can be determined from the air flow using − = [ 10 − (0, )] 2 /2 [19, 20] .
Here, and are the air and water density, respectively, is the eddy viscosity coefficient, is the drag coefficient, and 10 is the wind speed at 10 m above the water surface. This method to include wind effect is essentially the same as imposing the shear stress condition (10) to (7) or (22f) to (22b). Application of (33) in coastal ocean flow modelling and imposing the stress conditions (7) and (22f) could introduce same flow patterns, although the former could involve more complex phenomena such as turbulence and wave effects.
Here we post a question whether using the shear stress condition (33) to approximate wind effect at water surface is appropriate. First, (30) shows that, when a water body is driven by an air flow, the speed at their interface is a constant. But as indicated in Remark 2, if a shear stress condition is applied at the interface, the water will keep accelerating rather than moving at a constant speed. The water flow is difficult to maintain because it requires more and more amount of power supply, and this situation cannot happen in reality. Second, the trend in power transferred from the air to the water at the air-water surface, as shown in (31), is similar to that from the fluid surface into the fluid for the flow caused by a specified velocity boundary condition, see (18) , and both of them are proportional to 2 0 and inversely proportional to √ (the former is much smaller, and − ( )/ ( ) ≈ 0.000017 for air and water at 15 ∘ C). Third, from (32) it is seen that, with regard to and 0 , the evolution of the dissipation in water in the air-water flow is similar to that in the flow driven by a surface velocity boundary condition, see (20) . In summary, the behaviors of a water flow driven by a surface velocity boundary condition are closer to those of a water flow moved by a layer of air.
However, if only one coupling condition is given at the air-water interface, either the velocity matching condition (22e) or the shear stress matching condition (22f), the problem described above will be ill-posed. This can be shown as follows. Let both 1 and 2 be a solution to problem (22a)-(22e), in which only the condition for velocity match is used, and = 1 − 2 . It can be shown that will be a solution of the following problem:
Following the same procedure for obtaining (29), one can derives a solution in form of (23) and (25) in the Laplace transformed space of (34a)-(34e) together with the following conditions:
where ( ) can be any continuous function. If we let
where is a nonzero constant, then the solution to (34a)-(34e) becomes
If ̸ = 0, ( , ) will not be zero, that is to say that problem (34a)-(34e) has a nonzero solution. Consequently, problem (22a)-(22e) will not have a unique solution. In this case, or (22f) is taken away, a solution for problem (22a)-(22e) can be derived as
where ∈ and ̸ = 0. Similarly, it can be shown that problem (22a)-(22d) and (22f) will not have a unique solution if velocity condition (22e) is removed, and a solution is
where ∈ and ̸ = 0. Solutions (38) and (39) with different values for , are shown in Figure 4 . Equations (38) and (39) will become the true solution (29) when
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which equals 0.9956 for air and water at 15 ∘ C. Nonuniqueness of the solutions for the air-water flow (38) and (39) leads to a question: which solution is physically possible among the multiple solutions? According to the momentum principle, which all physical solutions should satisfy, it is derived that any solution of the flow is restricted by the following condition:
which requires that the total momentum of the flow remains the same as the initial momentum. Plugging solution (38) into above condition, one has
which leads to
Under this requirement, solution (38) becomes (29) or the unique solution obtained when both the velocity and stress condition are applied. This shows that the restriction (41) selects (29) as the only solution, and it excludes others as possible solutions. However, following the same steps, it can be shown that the multiple solutions expressed in (39), or the solution associated with the only stress condition, can meet the condition (41), or, this condition cannot identify (29) as the only possible solution.
Remark 6. Continued on Remark 5, the conclusion that the air-water flow problem is well-posed only if both velocity and shear condition are applied further raises more concern on only using a stress condition to include wind effects in coastal ocean flow modelling. In addition, the results in this section indicate that when both velocity and stress connection conditions are applied at the interfaces, the velocity at the interface is a constant, as shown in (30). But, the stress there will be time dependent, which can be evaluated from the velocity given in (29), and it cannot be approximated as a constant on a water surface.
Remark 7.
It is interesting that above analysis shows that integral form of momentum equation (41) can pick up a unique solution among these expressed in (38) but fails to do so for those expressed in (39). Therefore, a more universal condition is needed to identify a unique solution, or a so called "physical solution", among multiple solutions expressed in (38) and (39). 
Numerical Example
In order to extend the theoretical studies for the purely shear flows presented in earlier sections to more complex situations, computer modelling is made to simulate the flow field of cavity flows, which are typically driven either by velocity or stress at their top walls [5] . A cavity flow exhibits various phenomena that can possibly occur, such as eddies, secondary flows, and complex three-dimensional (3D) patterns [5, 6] . Therefore, it is an ideal test case and thus is selected to demonstrate the extension.
FLUENT is a commercially available numerical model that solves the Navie-Stokes equations. It has been successfully used to simulate various flows [21] . As a calibration, however, FLUENT is first employed to simulate a lid-driven, laminar, 3D, steady, cubic cavity flow. The flow is driven by a velocity boundary condition at the top wall. A uniform mesh with size 69 × 69 × 69 is used, and the computation finishes in 124 seconds on a desktop. The simulation shows that the solution matches well with another solution obtained by a different model ( Figure 5) .
After the calibration, the FLUENT is used to simulate a wind-driving turbulent water flow in a laboratory flume [17] . The flume has a dimension of length = 30 ft, width = 3 ft, and water depth = 1 ft, which are set in direction of , , and , respectively. The origins of and are selected at the center of the flume, and that of is at its bottom. The experimental condition is quantified by the shear velocity Reynolds number, Re = * / = 1600, with * = √ 0 / and being the depth of the water. At 15 ∘ C, = 998.9 kg/m 3 . Therefore, it is determined that * = 5.88× 10 −3 m/s, and water surface shear stress 0 = 0.00345 Pa. Using the value for * and the experimental data in [17] , it is determined that 0 = 0.1 m/s. The parameters selected for the cubic cavity flow and the standard -turbulent model are employed. The flume flow is treated as a long cavity flow, and the simulation of the wind-induced flow starts with a stationary water inside the cavity imposed with either a constant velocity boundary condition ( 0 = 0.1 m/s) or a constant shear stress boundary condition ( 0 = 0.00345 Pa) on top of the cavity. Computations using two meshes 125 × 34 × 35 and 251 × 67 × 71 are employed. Mesh nodes are densely clustered near the six faces of the long cavity. The time step 1 second is used, and it takes 4 hours and 10 minutes and 7 hours and 52 minutes to finish the computation of the flow up to 500 seconds on the desktop for the coarse and fine mesh, respectively. The computational results show that the solution on the latter mesh can be considered mesh independent.
An instantaneous solution during the transient stage obtained with the velocity condition and another with the shear stress boundary condition are shown in Figure 6 . As we can understand, it is seen that the velocity and stress conditions introduce flows different in velocity magnitudes. At this moment, when the velocity condition is applied, the velocity and stress magnitudes in the cavity are larger than those when the shear stress condition is applied. A quantification of the difference between the solutions associated with the velocity and stress condition at this moment is given in Table 1 .
Nevertheless, as time develops the solutions with the both boundary conditions tend to a steady state. At the steady state, the two solutions are indistinct (Figures 7 and 8 ). This is further illustrated by the computed difference of the two solutions in Table 1 . At the steady state, on the plane = 0, there is a limit point at the left side and a limit circle at the right end. At = 14.5, the flows have a divergence point near the top boundary and a convergence point near the bottom. It should be noted that in Figure 8 the velocity and stress profiles are very different from those of the analytical solution obtained in Section 2 for a steady flow between two infinite plates. The discrepancy between them is attributed to the fact that the former involve effects of wall and turbulence. As an evidence for the correctness of the simulation, the computed velocity profiles are plotted against the results from other approaches in Figure 9 .
These numerical experiments extend the conclusions obtained with the analytical approaches in the previous sections: velocity and stress boundary conditions introduce distinct flows in case of unsteady flows, whereas, in contrast, they present same solutions for steady flows. It should be pointed out there is a seemly contradiction between a conclusion in Section 2 and numerical results in this section; while, as indicated in Remark 2, the surface velocity of a stressdriven flow with an infinite depth will keep increasing and the flow cannot reach a steady flow, the numerical solution for the top velocity of the flume flow in this section tends to a constant and the flow reaches a steady state as time goes. This is because that in the latter, the water depth is finite and the flow is restricted by its walls, and thus its surface velocity cannot keep increasing with time. Actually, given the limited depth and width, if the surface velocity tends to infinity, the shear stress at the top will also reach infinity, which violates the boundary condition of a constant shear stress at the top wall.
Concluding Remarks
This paper studies flows driven by velocity and stress conditions on fluid boundaries. It presents analytical solutions for a steady flow between two parallel plates, an impulsively started flow due to a constant shear stress, and an unsteady unidirection air-water flow. By analysis as well as numerical simulation, it is concluded that velocity and stress conditions applied at fluid boundaries produce flows with distinct velocity profiles, stress distributions, and energy fluxes in unsteady flows, whereas the two conditions lead to a same solution in steady flows. For an air-water flow, the problem has multiple solutions if a velocity condition alone or a stress condition alone is applied at the interface, and its solution is unique only when both a velocity and a shear stress condition are specified. It is also expected that the analytical solutions newly developed in this paper, such as (15) and (29), will be valuable tools for analysis and practical applications.
It is common to apply a shear stress condition on water surfaces to reflect wind effects in engineering applications such as coastal ocean modelling, but little literature is found on discussion on appropriateness of this treatment. Although this paper deals with purely shear flows and actual coastal ocean flows are much more complicated, the former are a fundamental form of the latter, and therefore its study has implication to actual problems. This paper shows that a velocity and a stress condition lead to different flows in presence of unsteadiness that is usually true in coastal flows. If only one of them is applied, as discussed in Remark 5 and Remark 6, the resulting flow becomes unsound in physics and the problem turns out to be ill-posed. Therefore discretion is needed on selection of boundary conditions on water surfaces, and a revisit could be necessary for the treatment of wind effects on water currents in their computer modelling. Figure 9 : Comparison of the computed horizontal velocity at = 500 s with experimental data [17] and analytical solution [18] at , = 0 for the long cavity flow.
where is the Laplace transform of . By the Laplace transform of velocity connection conditions (A1e), (A2a) and (A2b) yield ( ) = ( ) .
(A3)
Using (A1f) and (A3), it is derived that
which requires that ( ) and thus ( ) be zero, that is, ( , ) ≡ 0.
According to Lerch cancellation law [22] , (A5) actually implies ( , ) = −1 { ( , )} = 0.
Therefore, problem (22a)-(22f) has a unique solution, which is given as (29).
